Abstract. In 2016, Balakrishnan-Ho-Kaplan-Spicer-Stein-Weigandt [1] produced a database of elliptic curves over Q ordered by height in which they computed the rank, the size of the 2-Selmer group, and other arithmetic invariants. They observed that after a certain point, the average rank seemed to decrease as the height increased. Here we consider the family of elliptic curves over Q whose rational torsion subgroup is isomorphic to Z/2Z × Z/8Z. Conditional on GRH and BSD, we compute the rank of 92% of the 202,461 curves with parameter height less than 10 3 . We also compute the size of the 2-Selmer group and the Tamagawa product, and prove that their averages tend to infinity for this family.
Introduction
Let E be an elliptic curve over Q. After a suitable choice of isomorphism, we can always express such a curve in its short Weierstrass form:
with a 4 , a 6 ∈ Z. Using this description, we define the naive height of the curve E as h(E) := max{4|a 4 | 3 , 27a 2 6 }. In [1] , the authors created an exhaustive database of isomorphism classes of elliptic curves with naive height up to 2.7 · 10 10 , which contained a total of 238,764,310 curves. For each elliptic curve in this database, they computed the minimal model, the torsion subgroup, the conductor, the Tamagawa product, the rank, and the size of the 2-Selmer group. They plotted the average rank of the curves up to a certain height. Initially the average rank seemed to be an increasing function, but around a naive height of 10 9 , they observed a turnaround point, where the average rank seemed to start decreasing as the height was increasing.
In this database however, there were no elliptic curves recorded with rational torsion subgroup isomorphic to Z/2Z × Z/8Z, which is the largest possible torsion subgroup for elliptic curves over Q. The curve with minimal naive height that has such a torsion group has Weierstrass form y 2 = x 3 − 1386747x + 368636886 and its naive height is 10667230914617018892 ≈ 1.07 · 10 19 . In this paper, we describe a similar database for the family of elliptic curves over Q whose rational torsion subgroup is isomorphic to Z/2Z × Z/8Z. We can parametrize this family in the following way:
F := E : y 2 = x(x + 1)(x + u 4 ) u = 2t t 2 − 1 , t ∈ Q \ {0, 1} .
We call t the parameter of the curve and write t = a/b for coprime integers a, b. This particular parametrization was provided by Bartosz Naskręcki, resulting from ideas in [16] . The family inherits a height function from its parametrization.
For any E ∈ F, we define the parameter height H(E) := max{|a|, |b|}. For each isomorphism class of curves in this family, we will only consider the model in F for which H is minimal. From now on, we will call the family of curves represented by elements of F the (2, 8)-torsion family. We use the parameter height, as it makes it easier to enumerate and compare curves in our family. The naive height of the curves in our family is very large, as could already be seen in the example mentioned above. We prove in Section 2 that 0.559 · h(E) 1/48 < H(E) < 0.672 · h(E) 1/48 .
We also show that the parameter height controls the size of the conductor N (E):
N (E) < 1.161 · H(E) 10 .
From now on, we will use the term height to refer to the parameter height.
There are several reasons to consider the (2, 8)-torsion family. First, based on the relation between the parameter height and the naive height, restricting to this family allows us to quickly see curves of large naive height. Another advantage is that the existence of the rational torsion structure makes it easier to carry out 2-descent.
To provide an example, the 2000th curve in our database has parameter t = 98/99, naive height 6.39 · 10 107 and conductor 6.65 · 10 17 . It would be more difficult to determine the rank for a curve of similar size without any special structure, and currently it would not be feasible to carry out such calculations in bulk.
In our family, we enumerated all 202,461 isomorphism classes of curves with height less than 1000. The average rank function seems to achieve its maximum at height 24, at the 121st curve, where the average rank peaks at 0.744. Among these, we determined the rank for 186,719 classes, conditional on GRH and BSD.
This particular family of elliptic curves was also studied in [7] and [12] . In [7] , the authors were in search of rank 4 curves, but were unable to find any. To date, no rank 4 curve has yet been found in this family. In [12] , the authors obtained statistical results on the 2-Selmer group, similar to our data in Section 5.2.
Main Results. We found that curves with height up to 100 in the (2, 8)-torsion family has average rank 0.626 (Figure 2 in Section 5.1) and with height up to 1000 have average rank between 0.508 and 0.663 (Figure 3 in Section 5.1). The first curves in the (2, 8)-torsion family with given rank r are r = 0 :
+ 1121060630379489735235148874483894 (t = 12/17).
We found that no rank 4 curves can exist with height below 1000. The curve with rank 3 with the greatest height found in our database has parameter t = 841/1018; its global minimal model is as follows:
This curve was found when we tried to compute the 2-Selmer rank of curves beyond height 1000. Currently, the curve with maximal height on the list of elliptic curves with high rank maintained by Dujella [10] has parameter 352/1017. The average size of the 2-Selmer group seems to be increasing rather slowly, but steadily. We prove the following theorem, which is an analogue of a result by Lemke-Oliver and Klagsbrun for the family of elliptic curves with 2-torsion [15] . Similarly, observing the data on the average Tamagawa product suggested the following theorem that we prove in Section 6.1: Outline of the paper. In Section 2, we provide some properties of the (2, 8)-torsion family related to our parametrization. In Section 3, we recall general results and conjectures related to ranks of elliptic curves. In Section 4, we discuss the computational methods we use. Section 5 contains the data we obtained and our analysis of the data. In Section 6, we prove that the average Tamagawa product and the average size of the 2-Selmer group tends to infinity for this family.
Acknowledgements. In this section, we discuss the parametrization for the (2, 8)-torsion family. We also show how the parameter height is related to the naive height and the conductor.
2.1. The parametrization. By expressing the torsion points explicitly, one can check that any curve with Z/2Z × Z/8Z-torsion can be described as an element of F. Conversely, given a curve in F, it is a straightforward calculation to verify that
is a point of order 8. Hence the torsion subgroup is isomorphic to Z/2Z × Z/8Z. In each isomorphism class in F, there are exactly 8 different choices of t. We get these representatives using the transformations t → −t, t → 1/t and t → (1 − t)/(1 + t). We choose the t corresponding to a curve with minimal height. The maps t → −t, t → 1/t allow us to restrict t = a/b to the range (0, 1). Assuming a < b, if a ≡ b ≡ 1 mod 2, the map t → (1 − t)/(1 + t) allows us to take parameter t = a /b , where a = (b − a)/2 and b = (a + b)/2. Then t would have a smaller height, since a < b < b. Thus, choosing t = a/b ∈ (0, 1) with a and b coprime with different parity, we get a unique representative for each isomorphism class.
With this choice of parameter, we see that the number of curves with height n is φ(n) if n is even and φ(n)/2 if n is odd, where φ(n) is the Euler totient function. By [20] , we have for any > 0, the estimate
Using the fact that φ(2n) is φ(n) if n is odd and 2φ(n) if n is even, one can show that the total number of curves up to height N is 2
2.2. Naive height and parameter height. Let E be a curve given by the equation y 2 = x(x + 1)(x + u 4 ) in F where u = 2t/(t 2 − 1) and t = a/b are chosen as above. We show how the naive height and parameter height are related.
Proposition 2.1. Let E/Q be an elliptic curve in F, with naive height h and parameter height H. We have
Proof. We start by giving a minimal Weierstrass model for our curve. Write S = 2ab and T = b 2 − a 2 , so u = −S/T . It follows that S and T are coprime where S is even and T is odd. We write E in short Weierstrass form
. One can check that there exists no prime p such that p 4 | A and p 6 | B, therefore this Weierstrass form is minimal. With this, the naive height of E is given by:
Since this expression is symmetric in S and T , first assume S < T , so that u ∈ (0, 1). Bounding the polynomials in u, we get
, which gives the result. 2.3. Size of the conductor. Consider a curve in F with parameter t = a/b, where a and b are coprime and of different parity. This curve is isomorphic to
where S = 2ab and
2 . By Tate's algorithm [18] , this curve has bad reduction precisely at the primes dividing ∆ E , and the exponent of the conductor is always 1. Therefore the conductor of E is the product of primes dividing
The absolute value of the polynomial in t is bounded from above in the interval (0, 1) by approximately 1.160. Hence N (E) < 1.161 · H(E) 10 .
Background
Computing the rank of an elliptic curve over a number field is a difficult problem, and while there are a number of techniques that work well in practice, there is no known algorithm to carry this out in general. Here we review the main theorems and conjectures and discuss how they can be used to give conditional results.
3.1. The BSD Conjecture. The most famous conjecture on ranks of elliptic curves is the Birch and Swinnerton-Dyer Conjecture (BSD) [4] . Let E be an elliptic curve defined over a number field with L-function L(s, E). The BSD Conjecture states that the rank of E equals the order of vanishing of L(s, E) at s = 1, which is called the analytic rank of E. Assuming this conjecture allows us to obtain an upper bound of the rank from the L-function.
The Minimalist Conjecture and Current Results.
It is believed that the root number, i.e. the sign of the functional equation of L(s, E), is 1 for half of all elliptic curves and −1 for the other half. The Minimalist Conjecture, initially formulated by Goldfeld [13] for the quadratic twists families, states that with respect to any reasonable ordering, half of the elliptic curves have rank 0 and half have rank 1. This would mean the average rank should tend to 1/2, and 0% of elliptic curves have rank at least 2. One of our main goals is to provide numerical evidence for this conjecture for the (2, 8)-torsion family.
The following result of Bhargava and Shankar [2] on the upper bound of the average rank of elliptic curves provides strong evidence for the Minimalist Conjecture.
Theorem 3.1 (Bhargava-Shankar, [2] ). The average rank of all elliptic curves over Q ordered by naive height is at most 0.885. 3.3. The Selmer Group and Descent. For each integer n ≥ 2, the n-Selmer group Sel n (E) of E over Q fits into an exact sequence of abelian groups
where X(E)[n] denotes the n-torsion subgroup of the Tate-Shafarevich group X(E) of E over Q. If p is a prime, then Sel p (E) is an elementary abelian p-group, whose dimension as an F p -vector space is called the p-Selmer rank of E, which is effectively computable and provides an upper bound on the rank via (1). Explicitly, an element in the n-Selmer group of E can be represented by a pair (C, π), where C is a genus 1 curve which is locally soluble and π is a map defined over Q that makes the following diagram commute:
In this diagram, the vertical map C → E is an isomorphism defined over Q. Determining (a lower bound for) the rank of E is equivalent to finding rational points on C. If no rational point of C can be found by a search by height, we apply the method of descent repeatedly. More generally, given a rational isogeny φ : E → E , there is a Selmer group associated to it, denoted as Sel φ (E)
Fisher [11] gives an efficient way to apply descent 6 times on elliptic curves with full 2-torsion structure. Moreover, since the (2, 8)-torsion family has Z/2Z × Z/8Z torsion, there are two isogenous curves with full 2-torsion structure. Applying Fisher's method to all three isogenous curves allowed us to determine the rank of more curves. Below is a picture of the isogenous curves and their torsion structures.
There are also a number of recent results on the size of Selmer groups:
Theorem 3.3 (Bhargava-Shankar, [3] ). For n ≤ 5, the average size of Sel n (E) for all elliptic curves E/Q ordered by naive height is σ(n), the sum of divisors of n.
The theorem implies that the average size of the 2-Selmer group converges to σ(2) = 3. However, this no longer holds for the family with nontrivial 2-torsion. Theorem 3.4 (Klagsbrun-Lemke Oliver, [15] ). The average size of Sel 2 (E) is unbounded for the family of elliptic curves over Q with a torsion point of order 2 ordered by a parameter height
Our data suggests that the average size of the 2-Selmer group is also unbounded in the (2, 8)-torsion family. In Section 6.2, we give a proof of this fact.
3.4. The Tamagawa Number. Let E be an elliptic curve over Q. The Tamagawa number is the finite index c p (E) := #(E(Q p )/E 0 (Q p )), where E 0 (Q p ) is the subgroup of points in E(Q p ) which have good reduction. Each c p (E) can be easily computed from the coefficients of E using Tate's algorithm [18] . The Tamagawa product of E is T (E) = p≤∞ c p (E).
1 The parameter height used here for an elliptic curve with a 2-torsion point E A,B : y 2 =
If there exists an isogeny φ : E → E of degree 2, then the Tamagawa ratio of E is
Consider the exact sequence induced by the isogeny φ:
Passing to a completion at a place p, we define
Then the Tamagawa ratio can be related to the Tamagawa numbers as follows.
Theorem 3.5 (Cassels, [8] , Lemma 3.1). The Tamagawa ratio decomposes into a product of local factors as follows: 
Computing ranks

Enumerating curves.
We produce a list of all isomorphism classes in F up to height N by computing the Farey sequence of order N to get a list of (a, b), where a and b are coprime and have opposite parities. Each pair (a, b) gives a curve in F of minimal height in its isomorphism class. This gives us 202,462 ordered isomorphism classes of (2, 8)-torsion curves with height less than 1000.
4.2.
Procedure. To make our rank computations feasible, we assume two standard conjectures: the Birch and Swinnerton-Dyer Conjecture (BSD) and the generalized Riemann hypothesis (GRH). BSD allows us to obtain an upper bound of the rank by computing the analytic rank numerically. GRH provides the conjecturally best bound for the error term of the L-function attached to an elliptic curve, which improves the efficiency of the analytic rank computation. An immediate consequence of the BSD Conjecture is the Parity Conjecture, which states that the root number agrees with the parity of the rank. This allows us to determine the rank when the upper bound and lower bound we calculated for the rank differ by 1. We computed the rank using a combination of Sage [19] and Magma [6] . We first ran Cremona's mwrank in Sage, which carries out 2-descent and searches for rational points with low height. This function gave us an upper bound and a lower bound for the rank of each curve in our database. If the bounds agreed, this determined the rank. If the bounds differed by 1, the rank is obtained conditional on the Parity Conjecture. This process determined the rank of 52.1% of the curves.
If the rank was not determined at this stage, we ran the Sage function analytic_rank_upper_bound, which computes an upper bound on the analytic rank conditional on GRH and takes a parameter ∆, using Bober's method in [5] . The runtime is exponential in ∆, but a higher ∆ potentially gives a better bound. We ran the function repeatedly with increasing values of ∆ up to at most 2.0, or until the rank's upper bound differed from the lower bound by at most 1. After this stage, we still had 44.2% curves with unknown rank.
Because of the large number of curves remaining, it was computationally unfeasible to run with higher ∆ for all of them. Restricting to curves with H < 100, only 153 remained at this stage, and we were able to continue the process up to ∆ = 3.8. After this, only 15 curves were left with H < 100. Computing the analytic rank becomes more difficult as the conductor increases. Since the parameter height appears to be positively correlated with the conductor, as is seen in Figure 1 , it became more and more difficult to determine the rank the further we got along.
Since our curves have full rational 2-torsion, a recent implementation of Fisher's TwoPowerIsogenyDescentRankBound [11] in Magma is faster and a better fit for our purposes. Using this, we were able to determine the ranks of more than 90% of the curves up to H < 1000.
For the remaining curves, we returned to Sage. We ran analytic rank with higher values of ∆, up to at least 3.2, and do a further point search using a higher bound in the mwrank function two_descent. Altogether, the rank of 42.1% of the curves in our database was determined purely via descent, hence unconditionally.
Initially there was one curve left with H < 100: this is the curve with parameter t = 66/97. Thanks to Klagsbrun for suggesting the use of AnalyticRank in Magma, we are able to show that this curve has rank 0. The rank of all curves with H < 100 are determined conditional on GRH and BSD.
The list of high rank curves maintained by Dujella [10] contains 28 rank 3 curves, of which 26 has H < 1000. Our computations recovered the rank of 17 of them. The rank of the remaining 9 curves, which were all discovered by Fisher, were included in our database for completeness. In addition to the list, we found an extra rank 3 curve at t = 9/296.
5.
Results and analysis of computed data 5.1. Rank. In the (2, 8)-torsion family, we very quickly observe a possible turnaround point in average rank. The average rank seems to peak at H = 24 with value 0.744, after 121 curves are computed, then steadily decreases to 0.626 at H = 99. Looking at all curves with H < 1000, the behaviour is less certain because of the number of curves with undetermined ranks: we are only able to compute the rank of 186,718 curves which is 92.2%. For the remaining curves, we have upper bounds and lower bounds from our computations. None of these upper bounds is greater than 3, so no rank 4 curve can exist with H < 1000. In Figure 3 , we plot the computed upper and lower bounds for the average rank. Table 1 . Rank distribution up to different heights.
5.2.
Size of the 2-Selmer group. To get a clearer picture of the behaviour of the average size of the 2-Selmer group, we computed data beyond height 1000, and it seems to be divergent. In Section 6.2, we prove that this is indeed the case. 5.3. Tamagawa product. The average Tamagawa product in the (2, 8)-torsion family also behaves differently from the one in [1] . In their data, the average Tamagawa product peaks at 1.84 at naive height 6.3 · 10 5 , then decreases with respect to the naive height. However in Figure 5 , we see that it is increasing in the (2, 8)-torsion family, and that its value is much larger than 1.84. In Section 6.1, we show that the average Tamagawa product is unbounded for this family. Table 3 . Root number distribution up to different heights.
6. Proofs 6.1. The average Tamagawa product is unbounded. To find the numbers c p (E), we apply Tate's algorithm [18] . We look at the model
where S = 2ab and T = b 2 − a 2 . Again a and b are coprime and have opposite parities. The discriminant of E is
Note that S, T and (T 4 − S 4 ) 2 are pairwise coprime. By Tate's algorithm [18] , we get
Combining the local factors c p (E), we get
l.
Theorem 6.1. The average Tamagawa product in the (2, 8)-torsion family up to height N has order of magnitude (log N ) 33 .
Proof. We estimate the sum
Let P + (x) and P − (x) denote the largest and smallest prime divisor of x respectively.
8 each has at most 32/ prime factors greater than 
We can exclude pairs of a and b with P − ((a, b) ) > N with a cost of O(N 2− ).
By the small sieve [14, Theorem 2.6, p.85] we have
It remains to compute
By the Chinese remainder theorem, it suffices to count the number of solutions of
We extend h 1 , h 2 and h 3 to multiplicative functions. Then the sum becomes Since mixed moments determine the multinomial distribution, we want to show that the mixed moments of F (N ) and G(N ) converge to those of X(N ) and Y (N ). We have by construction 
From this we compute
This shows that the distributions of F (N ) and G(N ) tend to those of X(N ) and Y (N ) respectively. The difference of two normal distribution is a normal distribution, hence f (H 1 ) − g(H 2 ) = F (N ) − G(N ) + O(1) tends to a normal distribution with mean and variance as claimed.
